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Agenda for Today

® More on expanding the “binomial tree” to

multiple timesteps.

* Convergence of the multi-timestep
binomial formula to the Black-Scholes-

Merton formula

® Next Time: Application of Black-Scholes-

Merton to credit risk
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Implications of even more Time Steps
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1-4 Time Step Call Option Prices

1! n=1: By inspectigrthe call option is only-themoney at the u)
node. For one timestep,

c=€"'[ q¢=0.9958 G419( = $2.7

21 n= 2: By inspectigrihe call option is only-he-money at the upp )
node. Fotwo timestep;,

c= &' §,]=0.9958 [.54181025)]= $2.9¢

3! n=3: By inspection, the call option is onithemmoney at the upp-up
(uum) node and the upp-down (ud node. For three timesteps,

=" g6+3 ¢" )agd
:0.9958% 0.541) 15)763(0.5418)(0.4582) 4. 745 4536

41 n=4: By inspection, the call option is onithemmoney at the upp-up-
up @uuu andup-up-up-down (uud node. For four timesteps,

= e §.6,+t4 0" g |
:0.9958% 0.541y 25)5+40.5418)(0.4682)9.97 % $4.8
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1-4 Time Step Put Option Prices

Now that we know arbitrafyee prices fo
1-4 time step call options, apply thegall
parity equation to determine arbitriige

prices for 4 time step put options. Kee
In mind that fomtime steps,

c+ K€"'= p
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The CoxRossRubinstein (CRR) call equatiot
11 "#$%&'()*$+,-. %1% 010981 B2%5,-#%$08#%066, -, TR %H
9'4-:10-%*.;%<'+;%="22;%016%=:>,12-$,1%7?<==@%)4'A,6$%0
)$4,'6%8&0**%")-,'1%)4,&,13%/'4(:*0B%
|

| n n!
% C — érTll . .
j=0 j!(n! j)!
I
Wo- ( ”I' T 9%16,&0-$2%#'5%(01.%0)0-#%2$C:$1&$2%$+, 2-%6/HH
J{nt !
-$4(,10%%1'6$2D%
196 (1! 0)" '%8'44$2)'162%-'%-#$TE:; 2D*%)4'>0>,* (A1 $%)%6016%
n! j9%51%('A$%)0-#%2$C:$1&$D%
| .
% ( ”I' T q (1! g '%46,&0-$2%-#$Rt - 2B*%)4">0>,*,-. %'/ %-#$%
J(nt J)!
)4,&$%$16,13%:)%Q-%-#§%b4(,10*%1'6$D%
9¢, = Max{0, u d’ $ kD%016%
198 = n/ 19%%'44$2)'162%-'%0%/, +$6%$W018%61%)$4,'62%/4'(%1'58

g ' ¢!
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11 "4#$%& = Max(0, U d' $ K()& $&&* +,' *&+&- H#$&' +/&' HH#.
$0.1&-',2'03".,4&5'50%/'+/6+'+/&'%6 77", 3+#,$' & 8 BH&D'B&: : 'H<&
5'+6+Ud"’'S Kl

1l =&+"-&3-&5&$+#B8# ()A670&2#450%/+/68°d" * S= K™, 74#$>"+/
&?06+#,$'2!{"

In(vd'*9=In K
binu+(n BIn &in( K )5
bln(u/ C):In( KK St)
b=In(K/ SdYIn (/u .}
!
1 @& #$#.0. "8 ()(HBTO&'2+H5 (, 1+6HS&* 1:'- O HE>"+,'+/& ' $&E
#P+&>&-">-86+&-14/6%'
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@ Lecture 16: Derivatives Theory (Part 3)

4 N
The CoxRossRubinstein (CRR) call equatior

/




4 N
The CoxRossRubinstein (CRR) call equatior
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The BlackScholesMerton (BSM) call equation

VI SUHE (H)*(+5,H G, " (H& (H&SL (& #(2)$*38, %ol t 14,5
6,6"S/(“H& (H7.$15&SUBHEI HB (“(BY/HL " 0 *H3H:$2(/H+3.-(H, 3
<'(YoH&'S H,66-*"OH& (H=$%, L$3 #+$">H06(-&*3 #) BB BIASEH
3))(3*HSUHEHHS ) &S, Yot *$6$%8H: *1-. 346, Yo+ (*B(HSYott)*, =3=$.$8
"&396/3*/#%, ¥13.#)* =3=$.SRE(YBY6/K (d, )OH5'(*(#

+( r+.5/ 2

In(S/ K)/ \(/Ti S ) Vgopry, = o 1 T

¥ @'(%oH& (13" >HY0(-&*3.1#+3.-3&$, Yot FIEHIOBH"-6'1#3%#,) &S, Yot $"
C=SNd)! K& N g#
@'$"#:,*1-.3#535%/ () (%! (%&) 2#$" (I #2#B.36>#3%/HCE',.("#3%/H=
D(*&, U YHE B HHS SRS, 24+ (: (*(1#&, #3 "HEBE DD 3. . #,) &S, Yor) * ¢
1 *¥1-.3; #£6',.("#3%/H#D (*&, YoH5 (*(#353*/(JH& (#4,=(#I*$I(#:, *#K6,%, ]
SUREFGEH& 'S #/$"6,+(*?L#B.36>#53"#%, &#Y% 3L (1#"$Y66 (# (#)3" (/#:
3%/#& (#4,=(HI*$I(HS " #%,&H),"&'-1,358¢/(/ #
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The CRR and BSM put equations

¥ TheCRR and BSM put equations are obtaineavbking the put
call parity theorem. Since the only difference between these
equations is that CRR is based upostdrelardinomial
distributionfunction(as captured Bt andB,) wherea8SMis
based upothe namal distribution function (as captured\igsh)
andN(d)), the CRR and BSMut equations are otherwise ident
to each other

¥ According to the put call parity theorédme, BSM pueqguation is
p=c+ Ké'l S
=SN(d)! K&€'" Ndy Ke!s

=Ke" (1! N(d,))! S(I' N(d)).
¥ By symmetry, it follosthat the CRR put equation is

— T
p=K&' L B! @ B
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CRR & BSM call and put price® numerical exampTe
Suppos&= $100K =$100,/ =.20,n=2, "t =.25T =n"t=2(.25F .,

andr =.03. Also suppose that é¥'' = &%= 1.1052d = 1/u=.9048

and‘VF# #$

=1"#$%. What are the CRR call and put prices, given t
parameters?

SOLUTION: HereOs the ttimestep stock tree:
$122.1

$110.5
$100.0 $100.0
$90.4;

$81.8

Therefore, the only node at which this calttiseimoney is a noday

specificallyg,, = max[0,5 # K =$22.14 and, = ¢,=0. Then
c=&"[ g, =.9851(.512& $22..=$5.73, and
p=c+ & KW =%$5.73+ $98.51$100 = $4.24.
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What are th8SMcall and put prices, givieie parameterom the
preceding page

SOLUTION: First calculate the standard normal probabihkk(es) and

N (d,).

IN(S/ K +(r+.5/%)T _In(100/100% (.03 .5(.04)).5
/T - 2/ 5

d,=d"/JT=.1768 .2 5 .0354.

d, =

Thus, N (d, )= .5702 andN (d, )=.5141, and

p=Ke (1" Nd)y $1 N 1008 (.4859) 100(.4298)
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=.1768, an

c= SN ¢)" K& K dg= 100(.5702) 10E™> (.5H1) $6.37, and

g
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CRR & BSM call and put priceB numerical examplé

¥l When there are only two timestetil expiration 6 months from ndhwe CRR
model produces call and put prices of $5.73 and $4.24, compaB&Mnmiodel
prices o0f$6.37and$4.88.

¥ However since the standard binomial distribution funcBoaadB;) converge i
probability to the standard normal distribution functiifd)(andN(d;)), CRR
and BSMricesalsoconverge rather quickly. HereOs a table illustrating this
through 5,000 timesteps occurring during the coursermbathtime to

expiation:
"#$%&$ ) *+(,-.. [)*+(/0& [,11(,-.. |,11(/0&(,-..(2"33%4$56 -..(7(2"39/0&(2"33$4%5
" [ H%& (| #) %+ # % 1+ THE%+E]  H%&H(F | +1%$S! | HH%&H(+
+ [#s%& (B %+, % &%) #%S)(!" | 1(%(. "] #(©$)("
, #5%&' (| #)%*+4#5%S,(1#,%!$1&  #(%+ 1" | %&*" |  H#H(%+/!"
1" [#5%& (| )% +{#5%+&1#)%)&,|  #(%!I&* | +%!*." | #0618
+," | #5%& (| #) % +{#5%)+J1)%/&'  H#(%(,! " | (%S | #(%(,,! "
(" [#5%& (1) % +{#5%&)81)%* )H  #(%(+C | (%). " |  #(Q(+(
(" [#S%&' (| #)%*+4#S$%&, (#)%*$*  #(%()(" | Qb++" | #O6()("
+((" [#3%& ([ B +{#$%&SIH) %+ #O(((" | @ " | #(%((("
(" |#5%&1(#) % +{#3%&S$ )% | #(%((&" | (%(. " |  #(%((&"
(O [#9%& (| #)%+{#$%& (w1  #O6((& | (" | #(%((&
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" Black-Scholes-Merton (BSM) is a A

“limiting” case of CRR!

| Se€CoxRosdRubinstein compar
with Blacischolellerton
Spreadshéet
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http://fin4335.garven.com/fall2022/CRR-vs-BSM.xlsm

