
Derivatives Theory, part 3

CHAPTER 6

Lecture 16: Derivatives Theory (Part 3)1



Agenda for Today
�More on expanding the “binomial tree” to 

multiple timesteps.
�Convergence of the multi-timestep 

binomial formula to the Black-Scholes-
Merton formula

�Next Time: Application of Black-Scholes-
Merton to credit risk 
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Implications of even more Time Steps
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Implications of even more Time Steps
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1-4 Time Step Call Option Prices
1.! n = 1: By inspection, the call option is only in-the-money at the up (u) 

node.  For one timestep,!

( )( )0.9958 0.[ 5418 5 $2.70.]r t
uc e qc!" == =  

2.! n = 2: By inspection, the call option is only in-the-money at the up-up (uu) 
node.  For two timesteps,!

22 22 0.9958 [.5418 ([ ] 10. $2.9825)] .r t
uuc e q c!" == =  

3.! n = 3: By inspection, the call option is only in-the-money at the up-up-up 
(uuu) node and the up-up-down (uud) node.  For three timesteps,!

( ) ( )3

3 3 2

3 20.9958 0.5418 15.76

[ 3 (

0.5418 4.74 $

1 ) ]

( ) 3( 4.36)(0.4582) .

r t
uuu uudc e q c q q c!"= + "

= +# $=% &
 

4.! n = 4: By inspection, the call option is only in-the-money at the up-up-up-
up (uuuu) and up-up-up-down (uuud) node.  For four timesteps,!

( ) ( )4 4 3

4 4 3

0.9958 0.5418 21.5
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1-4 Time Step Put Option Prices

Now that we know arbitrage-free prices for 
1-4 time step call options, apply the put-call 
parity equation to determine arbitrage-free 
prices for 1-4 time step put options. Keep 
in mind that for n time steps, 

 .rn tc Ke p S!"+ = +
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The Cox-Ross-Rubinstein (CRR) call equation
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The Cox-Ross-Rubinstein (CRR) call equation
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The Cox-Ross-Rubinstein (CRR) call equation
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The Black-Scholes-Merton (BSM) call equation
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The CRR and BSM put equations
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¥! The CRR and BSM put equations are obtained by invoking the put-
call parity theorem.  Since the only difference between these 
equations is that CRR is based upon the standard binomial 
distribution function (as captured by B1 and B2) whereas BSM is 
based upon the normal distribution function (as captured by N(d1) 
and N(d2)), the CRR and BSM put equations are otherwise identical 
to each other. 

¥! According to the put call parity theorem, the BSM put equation is 

1 2

2 1
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¥! By symmetry, it follows that the CRR put equation is 

2 1) (1 ).(1rTp Ke B S B!= ! !!   
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CRR & BSM call and put prices Ðnumerical example
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Suppose S = $100, K =$100, !  =.20, n = 2, .25,t" = 2(.25) .5T n t"= = = , 

and r =.03.  Also suppose that .2 .25tu e e! "= = = 1.1052, d  = 1/ u = .9048, 

and !"#$%
! "# $

%
& $

" #
= =

#
.  What are the CRR call and put prices, given these 

parameters?   

SOLUTION: HereÕs the two-timestep stock tree: 

  $122.14 
 $110.52  

$100.00  $100.00 
 $90.48  
  $81.87 

Therefore, the only node at which this call is in-the-money is a node uu; 
specifically, max[0, ]uu uuc S K= #  = $22.14 and 0.ud ddc c= =  Then  

#= = $2 2[ ] .9851(.5126 $22.14)rT
uuc e q c  =$5.73, and 

rTp c e K S#= + #  = $5.73 + $98.51 - $100 = $4.24. 
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CRR & BSM call and put prices Ðnumerical example
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What are the BSM call and put prices, given the parameters from the 
preceding page?   

SOLUTION: First calculate the standard normal probabilities 1( )N d  and 

2( )N d .

!
!

!

+ + + +
= = =

== " " =

2

1

2 1

ln( / ) ( .5 ) ln(100 /100) (.03 .5(.04)).5
.1768,  and

.2 .5

.1768 .2 .5 .0354.

S K r T
d

T

d d T

  

Thus, 1( )N d = .5702 and 2( )N d =.5141, and 

.03(.5)
1 2

.03(.5)
2 1

( ) ( ) 100(.5702) 100 (.5141) $6.37,  and

(1 ( )) (1 ( )) 100 (.4859) 100(.4298) $4.88.
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¥! When there are only two timesteps until expiration 6 months from now, the CRR 
model produces call and put prices of $5.73 and $4.24, compared with BSM model 
prices of $6.37 and $4.88. 

¥! However since the standard binomial distribution functions (B1 and B2) converge in 
probability to the standard normal distribution functions (N(d1) and N(d2)), CRR 
and BSM prices also converge rather quickly.  HereÕs a table illustrating this for 1 
through 5,000 timesteps occurring during the course of a 6-month time to 
expiration: 

!"#$%&$'%()*+(,-.. ()*+(/0& (,11(,-.. (,11(/0&(,-..(2"33$4$56$(,-..(7(2"33(/0&(2"33$4$56$(
! " #$%&'!(" #)%**++"#'%',!+ "#$%+$+)" -#!%&*(+" -+!%$$." -#!%&*(+"
+" #$%&'!(" #)%**++"#,%'&(/"#)%+)+!" #(%$)(!" !(%(,. " #(%$)(!"
, " #$%&'!(" #)%**++"#$%$,(!"#,%!$!&" -#(%+'/! " -)%&*." -#(%+'/! "
!( " #$%&'!(" #)%**++"#$%+&+&"#)%')&," #(%!&*'" +%!*." #(%!&*'"
+, " #$%&'!(" #)%**++"#$%)+$!"#)%/&'&" -#(%(,,! " -(%*$." -#(%(,,! "
,( " #$%&'!(" #)%**++"#$%&)&("#)%*,)+" #(%(+*(" (%)). " #(%(+*("
!(( " #$%&'!(" #)%**++"#$%&,'("#)%*$*+" #(%(!)( " (%++." #(%(!)( "
+(( " #$%&'!(" #)%**++"#$%&$)("#)%*',+" #(%(('( " (%!!. " #(%(('( "
)(( " #$%&'!(" #)%**++"#$%&$',"#)%*'*' " #(%((&," (%(,. " #(%((&,"
,((( " #$%&'!(" #)%**++"#$%&'('"#)%**!/ " #(%(((&" (%((. " #(%(((&"

  

CRR & BSM call and put prices Ðnumerical example
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Black-Scholes-Merton (BSM) is a 
“limiting” case of CRR!

! See Cox-Ross-Rubinstein compared 
with Black-Scholes-Merton 
spreadsheet! 
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http://fin4335.garven.com/fall2022/CRR-vs-BSM.xlsm

