
Modern portfolio theory

“Portfolio analysis” redirects here. For theorems about
the mean-variance efficient frontier, see Mutual fund
separation theorem. For non-mean-variance portfolio
analysis, see Marginal conditional stochastic dominance.

Modern portfolio theory (MPT), or mean-variance
analysis, is a mathematical framework for assembling a
portfolio of assets such that the expected return is maxi-
mized for a given level of risk, defined as variance. Its key
insight is that an asset’s risk and return should not be as-
sessed by itself, but by how it contributes to a portfolio’s
overall risk and return.
Economist Harry Markowitz introduced MPT in a 1952
essay,[1] for which he was later awarded a Nobel Prize in
economics.

1 Mathematical model

1.1 Risk and expected return

MPT assumes that investors are risk averse, meaning that
given two portfolios that offer the same expected return,
investors will prefer the less risky one. Thus, an investor
will take on increased risk only if compensated by higher
expected returns. Conversely, an investor who wants
higher expected returns must accept more risk. The ex-
act trade-off will be the same for all investors, but differ-
ent investors will evaluate the trade-off differently based
on individual risk aversion characteristics. The implica-
tion is that a rational investor will not invest in a port-
folio if a second portfolio exists with a more favorable
risk-expected return profile – i.e., if for that level of risk
an alternative portfolio exists that has better expected re-
turns.
Under the model:

• Portfolio return is the proportion-weighted combi-
nation of the constituent assets’ returns.

• Portfolio volatility is a function of the correlations
ρᵢ of the component assets, for all asset pairs (i, j).

In general:

• Expected return:

E(Rp) =
∑
i

wi E(Ri)

where Rp is the return on the port-
folio, Ri is the return on asset i and
wi is the weighting of component
asset i (that is, the proportion of as-
set “i” in the portfolio).

• Portfolio return variance:
σ2
p =

∑
i w

2
i σ

2
i +∑

i

∑
j ̸=i wiwjσiσjρij ,

where σ is the (sample) standard
deviation of the periodic returns on
an asset, and ρij is the correlation
coefficient between the returns on
assets i and j. Alternatively the ex-
pression can be written as:
σ2
p =

∑
i

∑
j wiwjσiσjρij ,

where ρij = 1 for i = j , or
σ2
p =

∑
i

∑
j wiwjσij ,

where σij = σiσjρij is the (sam-
ple) covariance of the periodic re-
turns on the two assets, or alterna-
tively denoted as σ(i, j) , covij or
cov(i, j) .

• Portfolio return volatility (standard devi-
ation):

σp =
√
σ2
p

For a two asset portfolio:
• Portfolio return: E(Rp) = wA E(RA) +
wB E(RB) = wA E(RA) + (1 −
wA)E(RB).

• Portfolio variance: σ2
p = w2

Aσ
2
A +

w2
Bσ

2
B + 2wAwBσAσBρAB

For a three asset portfolio:
• Portfolio return: E(Rp) = wA E(RA) +
wB E(RB) + wC E(RC)

• Portfolio variance: σ2
p = w2

Aσ
2
A +

w2
Bσ

2
B +w2

Cσ
2
C +2wAwBσAσBρAB +

2wAwCσAσCρAC+2wBwCσBσCρBC

1.2 Diversification

An investor can reduce portfolio risk simply by holding
combinations of instruments that are not perfectly posi-
tively correlated (correlation coefficient −1 ≤ ρij < 1
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2 1 MATHEMATICAL MODEL

). In other words, investors can reduce their exposure
to individual asset risk by holding a diversified portfolio
of assets. Diversification may allow for the same portfo-
lio expected return with reduced risk. These ideas have
been started withMarkowitz and then reinforced by other
economists and mathematicians such as Andrew Brennan
who have expressed ideas in the limitation of variance
through portfolio theory.
If all the asset pairs have correlations of 0—they are per-
fectly uncorrelated—the portfolio’s return variance is the
sum over all assets of the square of the fraction held in the
asset times the asset’s return variance (and the portfolio
standard deviation is the square root of this sum).
If all the asset pairs have correlations of 1, i.e. they are
perfectly positively correlated, then the portfolio’s volatil-
ity is the sum of each asset’s volatility weighted by its frac-
tion held in the portfolio. This is the maximum volatility
the portfolio of these assets would reach.

1.3 Efficient frontier with no risk-free as-
set

Main article: Efficient frontier
See also: Portfolio optimization
This graph shows expected return (vertical) versus stan-

Efficient Frontier. The hyperbola is sometimes referred to as the
'Markowitz Bullet', and is the efficient frontier if no risk-free asset
is available. With a risk-free asset, the straight line is the efficient
frontier.

dard deviation. This is called the 'risk-expected return
space.' Every possible combination of risky assets, can be
plotted in this risk-expected return space, and the collec-
tion of all such possible portfolios defines a region in this
space. The left boundary of this region is a hyperbola,[2]
and the upper edge of this region is the efficient fron-
tier in the absence of a risk-free asset (sometimes called
“the Markowitz bullet”). Combinations along this upper
edge represent portfolios (including no holdings of the
risk-free asset) for which there is lowest risk for a given
level of expected return. Equivalently, a portfolio lying on
the efficient frontier represents the combination offering
the best possible expected return for given risk level. The
tangent to the hyperbola at the tangency point indicates
the best possible capital allocation line (CAL).

Matrices are preferred for calculations of
the efficient frontier.

In matrix form, for a given “risk tolerance”
q ∈ [0,∞) , the efficient frontier is found by
minimizing the following expression:

wTΣw − q ∗RTw

where
• w is a vector of portfolio weights and∑

i wi = 1. (The weights can be nega-
tive, which means investors can short a
security.);

• Σ is the covariance matrix for the returns
on the assets in the portfolio;

• q ≥ 0 is a “risk tolerance” factor, where 0
results in the portfolio with minimal risk
and ∞ results in the portfolio infinitely
far out on the frontier with both expected
return and risk unbounded; and

• R is a vector of expected returns.
• wTΣw is the variance of portfolio return.
• RTw is the expected return on the port-
folio.

The above optimization finds the point on the
frontier at which the inverse of the slope of the
frontier would be q if portfolio return variance
instead of standard deviation were plotted hor-
izontally. The frontier in its entirety is para-
metric on q.

Many software packages, including
MATLAB, Microsoft Excel, Mathematica and
R, provide optimization routines suitable for
the above problem.

An alternative approach to specifying the
efficient frontier is to do so parametrically on
the expected portfolio return RTw. This ver-
sion of the problem requires that we minimize

wTΣw

subject to

RTw = µ

for parameter µ . This problem is easily solved
using a Lagrange multiplier.

1.4 Two mutual fund theorem

One key result of the above analysis is the two mutual
fund theorem.[2] This theorem states that any portfolio on
the efficient frontier can be generated by holding a com-
bination of any two given portfolios on the frontier; the
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latter two given portfolios are the “mutual funds” in the
theorem’s name. So in the absence of a risk-free asset, an
investor can achieve any desired efficient portfolio even if
all that is accessible is a pair of efficient mutual funds. If
the location of the desired portfolio on the frontier is be-
tween the locations of the two mutual funds, both mutual
funds will be held in positive quantities. If the desired
portfolio is outside the range spanned by the two mutual
funds, then one of the mutual funds must be sold short
(held in negative quantity) while the size of the invest-
ment in the other mutual fund must be greater than the
amount available for investment (the excess being funded
by the borrowing from the other fund).

1.5 Risk-free asset and the capital alloca-
tion line

Main article: Capital allocation line

The risk-free asset is the (hypothetical) asset that pays a
risk-free rate. In practice, short-term government securi-
ties (such asUS treasury bills) are used as a risk-free asset,
because they pay a fixed rate of interest and have excep-
tionally low default risk. The risk-free asset has zero vari-
ance in returns (hence is risk-free); it is also uncorrelated
with any other asset (by definition, since its variance is
zero). As a result, when it is combined with any other
asset or portfolio of assets, the change in return is lin-
early related to the change in risk as the proportions in
the combination vary.
When a risk-free asset is introduced, the half-line shown
in the figure is the new efficient frontier. It is tangent to
the hyperbola at the pure risky portfolio with the highest
Sharpe ratio. Its vertical intercept represents a portfo-
lio with 100% of holdings in the risk-free asset; the tan-
gency with the hyperbola represents a portfolio with no
risk-free holdings and 100% of assets held in the portfo-
lio occurring at the tangency point; points between those
points are portfolios containing positive amounts of both
the risky tangency portfolio and the risk-free asset; and
points on the half-line beyond the tangency point are
leveraged portfolios involving negative holdings of the
risk-free asset (the latter has been sold short—in other
words, the investor has borrowed at the risk-free rate)
and an amount invested in the tangency portfolio equal to
more than 100% of the investor’s initial capital. This effi-
cient half-line is called the capital allocation line (CAL),
and its formula can be shown to be

E(RC) = RF + σC
E(RP )−RF

σP
.

In this formula P is the sub-portfolio of risky assets at
the tangency with the Markowitz bullet, F is the risk-free
asset, and C is a combination of portfolios P and F.
By the diagram, the introduction of the risk-free asset

as a possible component of the portfolio has improved
the range of risk-expected return combinations available,
because everywhere except at the tangency portfolio the
half-line gives a higher expected return than the hyper-
bola does at every possible risk level. The fact that all
points on the linear efficient locus can be achieved by
a combination of holdings of the risk-free asset and the
tangency portfolio is known as the one mutual fund theo-
rem,[2] where the mutual fund referred to is the tangency
portfolio.

2 Asset pricing

The above analysis describes optimal behavior of an indi-
vidual investor. Asset pricing theory builds on this anal-
ysis in the following way. Since everyone holds the risky
assets in identical proportions to each other—namely in
the proportions given by the tangency portfolio—in mar-
ket equilibrium the risky assets’ prices, and therefore their
expected returns, will adjust so that the ratios in the tan-
gency portfolio are the same as the ratios in which the
risky assets are supplied to the market. Thus relative sup-
plies will equal relative demands. MPT derives the re-
quired expected return for a correctly priced asset in this
context.

2.1 Systematic risk and specific risk

Specific risk is the risk associated with individual assets
- within a portfolio these risks can be reduced through
diversification (specific risks “cancel out”). Specific risk
is also called diversifiable, unique, unsystematic, or id-
iosyncratic risk. Systematic risk (a.k.a. portfolio risk or
market risk) refers to the risk common to all securities—
except for selling short as noted below, systematic risk
cannot be diversified away (within one market). Within
the market portfolio, asset specific risk will be diversified
away to the extent possible. Systematic risk is therefore
equated with the risk (standard deviation) of the market
portfolio.
Since a security will be purchased only if it improves the
risk-expected return characteristics of the market portfo-
lio, the relevant measure of the risk of a security is the risk
it adds to the market portfolio, and not its risk in isolation.
In this context, the volatility of the asset, and its correla-
tion with the market portfolio, are historically observed
and are therefore given. (There are several approaches to
asset pricing that attempt to price assets by modelling the
stochastic properties of the moments of assets’ returns -
these are broadly referred to as conditional asset pricing
models.)
Systematic risks within one market can be managed
through a strategy of using both long and short positions
within one portfolio, creating a “market neutral” portfo-
lio. Market neutral portfolios, therefore will have a cor-
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relations of zero.

2.2 Capital asset pricing model

Main article: Capital asset pricing model

The asset return depends on the amount paid for the asset
today. The price paid must ensure that the market portfo-
lio’s risk / return characteristics improve when the asset
is added to it. The CAPM is a model that derives the
theoretical required expected return (i.e., discount rate)
for an asset in a market, given the risk-free rate available
to investors and the risk of the market as a whole. The
CAPM is usually expressed:

E(Ri) = Rf + βi(E(Rm)−Rf )

• β , Beta, is the measure of asset sensitivity to a
movement in the overall market; Beta is usually
found via regression on historical data. Betas ex-
ceeding one signify more than average “riskiness” in
the sense of the asset’s contribution to overall port-
folio risk; betas below one indicate a lower than av-
erage risk contribution.

• (E(Rm)−Rf ) is the market premium, the expected
excess return of the market portfolio’s expected re-
turn over the risk-free rate.

The derivation is as follows:

(1) The incremental impact on risk and ex-
pected return when an additional risky asset,
a, is added to the market portfolio, m, fol-
lows from the formulae for a two-asset portfo-
lio. These results are used to derive the asset-
appropriate discount rate.

• Market portfolio’s risk = (w2
mσ2

m +
[w2

aσ
2
a + 2wmwaρamσaσm])

[w2
aσ

2
a + 2wmwaρamσaσm]

w2
a ≈ 0

[2wmwaρamσaσm]

• Market portfolio’s expected return =
(wm E(Rm) + [wa E(Ra)])

[wa E(Ra)]

(2) If an asset, a, is correctly priced, the im-
provement in its risk-to-expected return ratio
achieved by adding it to the market portfolio,

m, will at least match the gains of spending
that money on an increased stake in the mar-
ket portfolio. The assumption is that the in-
vestor will purchase the asset with funds bor-
rowed at the risk-free rate, Rf ; this is rational
if E(Ra) > Rf .

Thus: [wa(E(Ra) −
Rf )]/[2wmwaρamσaσm] =
[wa(E(Rm) −
Rf )]/[2wmwaσmσm]

i.e. : [E(Ra)] = Rf + [E(Rm) −
Rf ] ∗ [ρamσaσm]/[σmσm]

i.e. : [E(Ra)] = Rf + [E(Rm) −
Rf ] ∗ [σam]/[σmm]

[σam]/[σmm] is the “beta”, β
return— the covariance between
the asset’s return and the mar-
ket’s return divided by the vari-
ance of the market return— i.e.
the sensitivity of the asset price to
movement in the market portfolio’s
value.

This equation can be estimated statistically using the fol-
lowing regression equation:

SCL : Ri,t −Rf = αi + βi (RM,t −Rf ) + ϵi,t

where αi is called the asset’s alpha, βi is the asset’s beta
coefficient and SCL is the security characteristic line.
Once an asset’s expected return, E(Ri) , is calculated
using CAPM, the future cash flows of the asset can be
discounted to their present value using this rate to estab-
lish the correct price for the asset. A riskier stock will
have a higher beta and will be discounted at a higher
rate; less sensitive stocks will have lower betas and be
discounted at a lower rate. In theory, an asset is correctly
priced when its observed price is the same as its value
calculated using the CAPM derived discount rate. If the
observed price is higher than the valuation, then the asset
is overvalued; it is undervalued for a too low price.

3 Criticisms

Despite its theoretical importance, critics of MPT ques-
tion whether it is an ideal investment tool, because its
model of financial markets does not match the real world
in many ways.[3]

The risk, return, and correlation measures used by MPT
are based on expected values, which means that they are
mathematical statements about the future (the expected
value of returns is explicit in the above equations, and
implicit in the definitions of variance and covariance). In
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practice, investors must substitute predictions based on
historical measurements of asset return and volatility for
these values in the equations. Very often such expected
values fail to take account of new circumstances that did
not exist when the historical data were generated.[4]

More fundamentally, investors are stuck with estimat-
ing key parameters from past market data because MPT
attempts to model risk in terms of the likelihood of
losses, but says nothing about why those losses might oc-
cur. The risk measurements used are probabilistic in na-
ture, not structural. This is a major difference as com-
pared to many engineering approaches to risk manage-
ment. As estimation errors are critical in MPT, appro-
priate modeling approaches must be applied. In an MPT
or mean-variance optimization framework, accurate esti-
mation of the variance–covariance matrix is paramount.
Thus, forecasting with Monte-Carlo simulation with the
Gaussian copula and well-specified marginal distributions
are effective.[4] Allowing the modeling process to allow
for empirical characteristics in stock returns such as auto-
regression, asymmetric volatility, skewness, and kurtosis
is important. Not accounting for these attributes can lead
to severe estimation error in the correlation and variance–
covariance matrices that have negative biases (as much as
70% of the true values).[5]

Options theory and MPT have at least
one important conceptual difference from the
probabilistic risk assessment done by nuclear
power [plants]. A PRA is what economists
would call a structural model. The components
of a system and their relationships are modeled
in Monte Carlo simulations. If valve X fails,
it causes a loss of back pressure on pump Y,
causing a drop in flow to vessel Z, and so on.

But in the Black–Scholes equation and
MPT, there is no attempt to explain an under-
lying structure to price changes. Various out-
comes are simply given probabilities. And, un-
like the PRA, if there is no history of a par-
ticular system-level event like a liquidity crisis,
there is no way to compute the odds of it. If nu-
clear engineers ran risk management this way,
they would never be able to compute the odds
of a meltdown at a particular plant until several
similar events occurred in the same reactor de-
sign.

— Douglas W. Hubbard, 'The Failure of
Risk Management', p. 67, John Wiley & Sons,
2009. ISBN 978-0-470-38795-5

Mathematical risk measurements are also useful only to
the degree that they reflect investors’ true concerns—
there is no point minimizing a variable that nobody cares
about in practice. MPT uses the mathematical concept
of variance to quantify risk, and this might be justified
under the assumption of elliptically distributed returns

such as normally distributed returns, but for general re-
turn distributions other risk measures (like coherent risk
measures) might better reflect investors’ true preferences.
In particular, variance is a symmetric measure that counts
abnormally high returns as just as risky as abnormally low
returns. Some would argue that, in reality, investors are
only concerned about losses, and do not care about the
dispersion or tightness of above-average returns. Accord-
ing to this view, our intuitive concept of risk is fundamen-
tally asymmetric in nature.
Modern portfolio theory has also been criticized because
it assumes that returns follow a Gaussian distribution. Al-
ready in the 1960s, Benoit Mandelbrot and Eugene Fama
showed the inadequacy of this assumption and proposed
the use of stable distributions instead. Stefan Mittnik and
Svetlozar Rachev presented strategies for deriving opti-
mal portfolios in such settings.[6][7][8] More recently, fi-
nancial economist Nassim Nicholas Taleb has also criti-
cized modern portfolio theory on this ground, writing:

After the stock market crash (in 1987),
they rewarded two theoreticians, Harry
Markowitz and William Sharpe, who built
beautifully Platonic models on a Gaussian
base, contributing to what is called Modern
Portfolio Theory. Simply, if you remove
their Gaussian assumptions and treat prices as
scalable, you are left with hot air. The Nobel
Committee could have tested the Sharpe and
Markowitz models—they work like quack
remedies sold on the Internet—but nobody in
Stockholm seems to have thought about it.
— [9]:p.279

Contrarian/Value investors don't buy intoModern Portfo-
lio Theory as it depends on the Efficient Market Hypoth-
esis and conflates fluctuations in shareprice with “risk”.
This risk is only an opportunity to buy or sell assets at
attractive prices inasmuch as it suits one’s book. [10]

4 Extensions

Since MPT’s introduction in 1952, many attempts have
been made to improve the model, especially by using
more realistic assumptions.
Post-modern portfolio theory extends MPT by adopting
non-normally distributed, asymmetric measures of risk.
This helps with some of these problems, but not others.
Black-Litterman model optimization is an extension of
unconstrained Markowitz optimization that incorporates
relative and absolute 'views’ on inputs of risk and returns.
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5 Other applications

In the 1970s, concepts from MPT found their way into
the field of regional science. In a series of seminal works,
Michael Conroy modeled the labor force in the economy
using portfolio-theoretic methods to examine growth and
variability in the labor force. This was followed by a long
literature on the relationship between economic growth
and volatility.[11]

More recently, modern portfolio theory has been used to
model the self-concept in social psychology. When the
self attributes comprising the self-concept constitute a
well-diversified portfolio, then psychological outcomes at
the level of the individual such as mood and self-esteem
should be more stable than when the self-concept is undi-
versified. This prediction has been confirmed in studies
involving human subjects.[12]

Recently, modern portfolio theory has been applied to
modelling the uncertainty and correlation between doc-
uments in information retrieval. Given a query, the aim
is to maximize the overall relevance of a ranked list of
documents and at the same time minimize the overall un-
certainty of the ranked list.[13]

5.1 Project portfolios and other “non-
financial” assets

Some experts apply MPT to portfolios of projects and
other assets besides financial instruments.[14][15] When
MPT is applied outside of traditional financial portfolios,
some differences between the different types of portfo-
lios must be considered.

1. The assets in financial portfolios are, for practical
purposes, continuously divisible while portfolios of
projects are “lumpy”. For example, while we can
compute that the optimal portfolio position for 3
stocks is, say, 44%, 35%, 21%, the optimal posi-
tion for a project portfolio may not allow us to sim-
ply change the amount spent on a project. Projects
might be all or nothing or, at least, have logical units
that cannot be separated. A portfolio optimization
method would have to take the discrete nature of
projects into account.

2. The assets of financial portfolios are liquid; they
can be assessed or re-assessed at any point in time.
But opportunities for launching new projects may be
limited and may occur in limited windows of time.
Projects that have already been initiated cannot be
abandoned without the loss of the sunk costs (i.e.,
there is little or no recovery/salvage value of a half-
complete project).

Neither of these necessarily eliminate the possibility of
using MPT and such portfolios. They simply indicate

the need to run the optimization with an additional set
of mathematically expressed constraints that would not
normally apply to financial portfolios.
Furthermore, some of the simplest elements of Modern
Portfolio Theory are applicable to virtually any kind of
portfolio. The concept of capturing the risk tolerance
of an investor by documenting how much risk is accept-
able for a given return may be applied to a variety of de-
cision analysis problems. MPT uses historical variance
as a measure of risk, but portfolios of assets like major
projects don't have a well-defined “historical variance”.
In this case, the MPT investment boundary can be ex-
pressed in more general terms like “chance of an ROI less
than cost of capital” or “chance of losing more than half
of the investment”. When risk is put in terms of uncer-
tainty about forecasts and possible losses then the concept
is transferable to various types of investment.[14]

6 See also

• Bias ratio (finance)

• Black-Litterman model

• Intertemporal portfolio choice

• Investment theory

• Marginal conditional stochastic dominance

• Mutual fund separation theorem

• Omega ratio

• Post-modern portfolio theory

• Sortino ratio

• Treynor ratio

• Two-moment decision models

• Kelly criterion
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